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Abstract.
For LP n L2 functions /, with p greater than one, defined on the a-adic numbers £2a , we consider averages like where x and a are in Í2" . Here pn denotes the «th prime. These averages are known to converge for almost all x. We describe explicitly these limits, which possibly contrary to expectation, turn out in general not to be the integral of/.
To fix notation and for ease of reference, we begin with some standard facts about the a-adic numbers. Let a = (a")nxL_00 denote a fixed doubly infinite sequence of integers greater than one. Following and using the notation of [4] , we define the a-adic numbers Qa to be the space of doubly infinite sequences x = (x")^_oe in n^-ooi0' l,-..,an-l} with x" = 0 for all n < n0(x). We can endow Qa with addition "+" making it an Abelian group, and a product "x" making it a ring. In the special case where, for a fixed rational prime p we set a"= pn , for each n , Qa is a field. The details of all this can also be found in [4, §10] .
For each integer k, let Ak = {x € Qa: xn = 0 if n < k}.
These sets form a basis at 0 for a topology of Qa, with respect to which group operations are continuous. With respect to this topology, Qa is locally compact, er-compact Abelian group. For each integer k the relative topology on Ak is the same as the Tychonoff product topology, and hence this subgroup of f2a is compact and open. We say a group is monothetic if it possesses an element, called a generator, whose orbit is dense. For each integer k , Ak is monothetic. An explicit example of a generator for Ak is u* = (u")n€z where uk = 1 and ukn = 0 when n and k are not equal. Henceforth Ao is denoted Aa and referred to as the a-adic integers.
Haar measure A on Í2a can be defined as follows. For each integer n, let Xn(A) denote the measure on {0, 1, ... , a"-\) given by Xn(A) = card(A)/an . For each integer r, let pr denote the corresponding product measure on n">r{0, l,...,a" -I}. If A is a A-measurable subset of A" where n < 0, then k(A) = arar+\ ■ ■■a-ipr(A).
For general A we have X(A) = limr^_oo arar+i ■ ■ ■ a-\pr(A).
(See [4, pp. 202-203] ). Again following [4] , we denote the character groups of Qa and Aa by Qa. and Z(a°°) respectively. The group Qa. is nothing other than the group of a*-adic numbers with a* = a-" for each rational integer n . The group Z(a°°) consists of all numbers of the form t = l/aoa\ ■■■ar where 0 < / < aoa\ ■■ -ar. As in [4] , to evaluate a character t in Z(a°°) at x in Aa, we write Xt(x) to In what follows we assume, without loss of generality, that the constant terms of p and y/ are zero. As a consequence of some recent results in ergodic theory [ 1, 2, 6, 8] , it follows that when 1 < p < oo, (A^ f(x))^Lx (i: = 1, 2) converges pointwise almost everywhere and in LP(G). Let L^f(x) denote this limit. In the special case where G is a compact connected monothetic group and at least one of the elements a\, ... , ak is a generator, it is shown in [7] that L^f(x) is ¡GfdX. a.e.-(A). In this note we consider G = Qa and G = Aa, two cases not considered in [7] , and show that in general L^f(x)
is not constant a.e. let alone equal to JGfdX. (Our account is independent of [7] .)
For a complete description of the limit Lf(x) the following notions are needed. Suppose at least one of the elements a\, ... , ak is a generator of Aa. Let ôj\ Z -» Aa be the homomorphism defined by Sj(m) = ma¡ (j = 1,2, ... , k), and let e;: Z(a°°) -► T be the adjoint homomorphism to <J7. Hence for all l/ao---ar in Z(a°°) and all m in Z, we have [4] e2niej{^) = y / (ÔjimW = y , (maf). for all x € Z(a°°). Here we identify Z(a°°) with the quotient of the group Qa.
by A(ila., A.).
The reason we use Lp n L2 instead of IP in Theorem 1 is because of the difficulty of defining the Fourier transform in the noncompact setting. This difficulty does not exist in the context of Theorem 2. Note also that *F is the identity in the context of Theorem 2. We need two lemmas. The case i = 1 of Lemma 3 is proved in [2] when / = 1 and for all / when p > 2 in [1] . The argument in [1] may readily be combined with that in [2] to prove Lemma 3 (i = I) for general /. Lemma 3 (/' = 2) in the case y/(x) -x is proved in [8] and for y/(x) -xk (k > 1) in [6] . The arguments needed there may readily be adapted to show Lemma 3 (i = 2) for general y/ and the details are forgone in [6] only to keep technicalities to a minimum. Using the fact that the third sum on the right is 0((logAr)(loglogA)) and the Siegel-Walfish theorem,
By combining (7), (8) , and (9) and letting N tend to infinity (4) is proved. Statements (5) and (6) If X e Xj + A(Çla-, Ak), then X = Xj + X' where x' is in A(£la., Ak). Consequently, *¥(x) = *¥{xj) + *¥(x'). Recall that ¥: Qa. -» fl,./^«.«, Aa) and #' is in .4(Qa., Afe), which is a subset of A(ila-, Aa) because Aa is a subset of Ak . Hence, if x £ Xj + A(Qa., Aa), then *¥(x) = ^(Xj) ■ Using this observation, (11), and (13), we find that for all x in Qa.
(16) (Lfr(x)(x) = m(x)f(x), establishing the theorem for all / of the form (10). To prove the theorem in general, given / g LP n L2, let (fn)%,\ be a sequence of functions of the form (10), which converge to / in L2. Because L is continuous in L2, if a sequence (fn)%Li converges to / in L2 then (Lf")^=x converges to Lf in L2 , and hence a subsequence of ((Lfn)")^tl converges to (Lf)~ a.e. on £2a. .
The desired conclusion follows from the fact that (Lf")"(x) = m(x)fn(x) and a subsequence of (fn)%Li converges to / a.e. D
To prove Theorem 2, simply note that a function / £ Lp(Aa) may be approximated by functions in Lp(Q.a) of the form (10) with k -0. Theorem 2 thus follows from (16).
